In this article, we consider the stability and convergence of the first-order implicit/explicit scheme for the Boussinesq equations. The finite element spatial discretization is based on a MINI element for the velocity and pressure, which satisfies the discrete inf-sup condition, and a linear polynomial for the temperature. The temporal terms are treated by the Euler implicit/explicit scheme, which is implicit for the linear terms and explicit for the nonlinear terms. The advantage of using the implicit/explicit scheme is that a linear system with constant coefficient matrix is obtained, which can save a lot of computational cost. The main novelties of this work are the stability of numerical solutions under the conditions k 1 t ≤ 1 and k 2 t ≤ 1 with two positive constants k 1 , k 2 and the optimal error estimates of numerical solutions in different norms. Finally, some numerical results are provided to verify the performances of the Euler implicit/explicit scheme.
Introduction
In this paper, we consider the following Boussinesq equations in R  with coupled equations governing the viscous incompressible flow and heat transfer:
where is a bounded convex polygonal domain, u = (u  , u  ) T is the fluid velocity, p is the pressure, θ is the temperature, ν >  is the viscosity, λ = Pr - , Pr is the Prandtl number, j = (, ) T is the vector of gravitational acceleration, T >  is the final time, and f and g are the forcing functions. The Boussinesq equations (.) are an important dissipative nonlinear model in the atmospheric dynamics (see [] ). This system not only contains the velocity and pressure but also includes the temperature filed, and therefore finding a numerical solution of problem (.) becomes a difficult task. There are numerous works devoted to the development of efficient schemes for this model, for example, the standard Galerkin finite element method (FEM) [] , the projection-based stabilized mixed FEM [] , the precondition techniques [, ], the two-level algorithms [-] , and the references therein. In the literature mentioned, the suitable stability condition is a key issue for these developed schemes. Generally speaking, we can adopt the fully implicit, semi-implicit, and implicit/explicit schemes to treat the nonlinear equations. The fully implicit schemes are unconditionally stable. However, we have to solve a system of nonlinear equations at each time level. Explicit schemes are much easier in computation, but they suffer from a sever restriction of time step by the stability requirement. A popular approach is based on an implicit scheme for the linear terms and a semi-implicit scheme or an explicit scheme for the nonlinear terms. The semi-implicit scheme for the nonlinear terms results in a linear system with variable coefficient matrix of time, and an explicit treatment for the nonlinear term gives a constant matrix. Many researchers have studied the stability and convergence of these schemes for the Navier-Stokes equations [-]. The main results are summarized by He in his recent works [, ] .
In this paper, we consider a first-order scheme for the Boussinesq equations. In view of the advantages of the explicit scheme for the nonlinear terms, we adopt the implicit/explicit scheme for the Boussinesq equations (.). Under the conditions k  t ≤  and k  t ≤  with two positive constants k  , k  , we present some new stabilities and establish the corresponding convergence for velocity, pressure, and temperature by the Taylor expansion and other skills. This report can be considered as an extension of the existing results [, , , ] from the Navier-Stokes equations to the more complex Boussinesq equations. Our main results can be stated as follows:
where C >  is a constant depending on the parameters f ∞ , b ∞ , u  , θ  , , ν, and λ, but independent of h and t, where f ∞ = sup t≥ {|f | + |f t |}, f t = df dt , g ∞ = sup t≥ {|g| + |g t |}, g t = dg dt . Here and thereafter, C denotes a general positive constant, which may take different values at different places. From (.)-(.) we can see that our results are optimal for both space length h and time step t.
The outline of this article is as follows. Some basic notation and results for problem (.) are recalled in Section . Section  is devoted to develop the Euler implicit/explicit scheme. Stabilities and optimal error estimates are established in Sections  and , respectively. Finally, a series of numerical results are provided to verify the efficiency and effectiveness of the Euler implicit/explicit scheme.
Preliminaries
In this section, we construct a variable formulation for problem (.) and recall some classical results, which will be frequently used in this paper. To fix the idea, we set
Throughout this paper, we adopt (·, ·) and ·  to denote the inner product and norm
The spaces H   ( ) and X are equipped with the usual scalar product and norm ∇u   = (∇u, ∇u). Define the continuous bilinear forms a(·, ·), d(·, ·), and a(·, ·) by
for all u, v ∈ X, q ∈ M, and θ , ψ ∈ W . Next, we introduce the closed subset V of X given by
and denote by H the closed subset of Y (see [, ] ) given by
We denote the Stokes operator by 
For instance, (.) holds if is of class C  or if is a convex plane polygonal domain.
Moreover, we can define the trilinear forms for all u, v, w ∈ X and θ , ψ ∈ W as follows:
, the variational formulation of (.) reads as follows: 
Then,
Following the proofs provided in [, , , ], we can obtain that problem (.) possesses a unique solution (u, p, θ ) with the following regularity properties.
Introduce the following Poincaré inequalities: 
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Let T h be a family of finite element partitions of into triangles satisfying the usual compatibility conditions [] with h = max h K , where h K is the diameter of an element K ∈ T h . We assume that T h is shape regular, that is, there exists a constant σ >  such that h K < σρ K for all K ∈ T h , where h K and ρ h denote the diameter of K and the diameter of the largest ball that can be inscribed into K , respectively. The finite element subspaces of interest in this paper are defined by the so-called MINI element with the continuous piecewise finite element subspace for the approximation of velocity and pressure and the linear polynomial for temperature, respectively:
Note that λ  , λ  , and λ  are the barycentric coordinates of the reference element.
We define the subspace V h of X h by
We introduce a discrete analogue A h = -P h h of the Stokes operator A through the
h is self-adjoint and positive definite, we may define the "discrete" Sobolev norms on V h of any order r ∈ R by setting
These norms will be assumed to have various properties similar to their continuous counterparts, implicitly imposing conditions on the structure of the spaces X h , M h , and W h . In particular, 
The finite element discretization applied to problem (.) leads to spatial discrete equations as follows:
For the stability and convergence of problem (.), we have the following results.
Let t >  be the time-step, and let
h , and θ n h denote the numerical solutions of u h , p h , and θ h at t n , respectively. We consider the Euler implicit/explicit scheme for the Boussinesq equations (.). As we have pointed out in Section , the advantage of adopting the Euler implicit/explicit scheme is that a linear system with constant coefficient matrix is obtained, and then a lot of computational cost can be saved.
The Euler implicit/explicit scheme for problem (.) reads as follows:
with  ≤ n ≤ N . From (.) we can see that the discrete system (.) is a linear system; for the existence and uniqueness of u For n = , equations (.) can be rewritten as
In order to simplify the expressions, we set
, where ω is u or θ . Choosing
we have the following estimates:
we can see that scheme (.) is stable.
Stability of the numerical solutions
In this section, we establish the stability of the numerical solutions u ]:
where
Proof We prove this theorem by induction.
By using of the identities
For the right-hand side terms of (.)-(.), we have
For the trilinear terms, thanks to Lemma ., we deduce that
Combining these estimates with (.)-(.), we arrive at
for all  ≤ n ≤ N . Under the stability conditions k  t ≤ , k  t ≤  and the induction assumption on n = , , . . . , J, we have
Summing (.)-(.) for n from  to J +  and using (.)-(.), we obtain
which is (.) with n = J + .
For the right-hand side terms and the trilinear terms, by using Lemma . we obtain
Combining these inequalities with (.)-(.), we find
Summing (.)-(.) for n from  to J +  and using Lemma ., we finish the proof of (.). Moreover, for all v ∈ V h and ψ ∈ W h with  ≤ n ≤ [
T t
] -, we deduce from (.) that
h t in (.) and (.), respectively, we obtain
], we get
By Lemma . and the Poincaré inequality we have
It follows from these inequalities that (.) and (.) can be transformed into
Summing (.)-(.) for n from  to J +  and using Lemma ., we finish the proof of (.). Using again Lemma . and (.), we deduce 
Combining these estimates with (.)-(.), we finish the proof of (.)-(.) with n = J + .
Error estimates
This section is devoted to present the optimal error estimates of velocity, pressure, and temperature in the Euler implicit/explicit scheme (.). In order to simplify the descriptions, we denote 
By subtracting (.) from (.) we obtain the following error equations:
Now, we present the error estimates for E n u , E n p , and E n θ in different norms. In order to simplify the expressions, we denote
As a consequence, we find
Lemma . Under the assumptions of Theorems . and ., we have
Proof Taking the inner product of (.) with  tE n u and  tE n θ and using the fact that ∇ · E n u = , we obtain
The right-hand side terms of (.) can be treated as follows:
For the nonlinear terms, by Lemma . we have
From all these inequalities and Theorems . and . we obtain
Summing (.) and (.) from n =  to J +  and using Lemma ., we finish the proof.
Lemma . Under the assumptions of Theorems . and ., we have
Combining these inequalities with (.) and summing n from  to J + , we obtain
By Lemma . we complete the proof. Now, we present the error estimates for E n p , which show that p n h is first-order approximations to p in the L ∞ (L  ) norm. In order to achieve this aim, we provide some estimates
Lemma . Under the assumptions of Theorems . and ., we have
Proof From problem (.) we obtain that, for all v ∈ V and ψ ∈ W ,
and Table 1 Table 3 Numerical results of the standard Galerkin FEM at time T = 1.0 with varying mesh size h but fixed time step t = 0.01 
CPU(S)
Here, v is u, p, or θ , and j is  or . Since ρ v,h,j and ρ v, t,j approach . or ., the convergent order will be . or ., respectively. In Tables -, Table 7 Convergence orders of the standard Galerkin FEM at time T = 1.0 with time step t = 0.01 which shows the superconvergence. From these numerical results we can conclude that the Euler implicit/explicit scheme not only has a good accuracy, but also saves a lot of computational cost.
